. Zoomed-out SEM images of representative gold nanostars (AuNSts) stemming from three different synthesis batches.
. SEM images of representative silver-enhanced gold nanostars (AuAgNSts) stemming from three different synthesis batches.
Scanning TEM (STEM) was performed with a bright field (BF) and a high angle annular dark field (HAADF) detectors. Elemental line and mapping analysis were carried out using energy dispersive X-ray spectroscopy (EDX). The samples were investigated with a JEOL JEM-2200FS In the random lasing experiments the position of the cuvette containing the gain-nanostars solutions is fixed, and the solutions are not stirred. Typically, the experiments for each sample are completed in less than an half an hour. Precipitation and aggregation of the nanostars in the gain-nanostar solutions is avoided by the silica shell or with thiolated mPEG functionalization of the nanostars. In Figure S8 , extinction spectra of AuAgNSts with and without silica shell dispersed in ethanol are shown. The spectra were recorded every hour. The AuAgNSts and AuAgNSts@SiO 2 dispersed in ethanol did not show any significant change in optical density (OD) during the period of 10 hours. Furthermore, there was no significant change in the shape of extinction spectra of both multilayered nanostars. This implies that no significant precipitation or aggregation of the AuAgNSts with and without silica shell occurs over a monitoring period of ten hours without stirring, which is substantially longer than the time needed to complete the random lasing experiments for one sample. for nanostars/R6G mixtures. Surprisingly, no pronounced ASE background is detected even at low pumping fluences in contrast to the previously mentioned samples.
Combined dark-field and random lasing experiments supported by accurate theoretical modeling might allow deeper insights in the ASE-suppression mechanism.
2,3
Numerical Modelling of hybrid multilayered plasmonic nanostars
In order to underline our experimental findings on the optical properties of the hybrid multilayered nanostars, three-dimensional finite difference time domain (FDTD) calculations were performed. We used the commercially available FDTD solver (version 8.9.269) from Lumerical Solutions Inc. to calculate the field enhancement distributions and scattering cross sections of hybrid multilayered nanostars. Since the investigation of the exact properties of specific hybrid multilayered nanostars and their individual plasmonic resonances includes vast numerical calculations and lots of detailed numerical modelling as well as detailed analysis and experiments at the single particle level, which are beyond the scope of this manuscript, we restricted ourselves to a simpler model in order to mimic the key plasmonic properties of the hybrid multilayered nanostars for coherent random lasing best as possible, namely their scattering cross-section and the field enhancement distributions. The gold nanostars were emulated as gold-spheres (80 nm in diameter) as the nanostar's core, from which five tips are protruding in the same plane, but pointing in arbitrary directions, avoiding the formation of any symmetry. The tips are modeled as rounded cones with a tip curvature of 8 nm. The individual tip length was chosen between 20 and 30 nm so that the maximal apex-to-apex distance is 120 nm, similar to the real nanostars. The cone opening angle was set to 40°, since for these modelling parameters the spectral position of calculated plasmon resonances agrees reasonably good with the spectral position of the observed main extinction maxima. The silver shell (thickness S Core ) and the silica shell (with a fixed thickness of 10 nm) around the gold core were modeled by concentric spheres of the corresponding material with bigger diameter. The silver shell (with a variable thickness S Tip ) and the silica shell ( with a fixed thickness of 10 nm) around the tips were modeled by adding symmetrically enlarged rounded cones around the corresponding tips in order to achieve core-shell-shell tips with a common symmetry axis. In the modeling, the permittivity of gold and silver was obtained by a generalized multi-coefficient fit of the permittivity of bulk gold and silver according to Johnson and Christy. 4 The calculations were performed for nanostars dispersed in ethanol (refractive index of 1.36).
For the silica shell, a refractive index of 1.39 was used, which is typical for a TEOS thin layer in ethanol. 5 The Total Field/Scattered Field (TFSF) source implemented in the software was used as excitation source, emitting a plane wave with the same spectral bandwidth as in the extinction experiments. The excitation direction was vertical to the common plane of the five tips. An example of the influence of the silver shell thickness on the plasmon resonances of single AuNSt, i.e. the scattering cross section, is illustrated in Figure S16 . In all calculations, the AuNSt, the excitation polarization and the surrounding medium of the AuNSt are kept constant.
The growth of the silver shell is modeled assuming that the Ag shell thickness around the core 
